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ABSTRACT 
The forces  and moments on a moving body part ia l ly  immersed  
in the surface of a deep ocean of heavy fluid a r e  considered in  the l imit  
of sma l l  Froude number, F. Asymptotic expressions for  velocity 
potential and f r e e  surface elevation a r e  developed. The choice of the 
f i r s t  t e r m s  of the asymptotic sequence i s  indicated by the behavior, a t  
sma l l  F, o f t h e  c lass ica l  resu l t s  of l l smal ld is turbance  theory" - 
analysis s tar t ing f r o m  the l inearized f ree-sur face  boundary conditions. 
It is found that the leading t e r m s  depend on the local disturbance, which 
can be expanded a s  a power s e r i e s  in F. The wave pat tern contrib- 
utes higher-order  t e r m s  which a r e  not analytic about F = 0; only 
es t imates  of the order  of these t e r m s  a r e  obtained. Consequently the 
present  work  does not est imate drag but i s  confined to  consideration of 
t r ansve r se  forces  and moments. 
Once the asymptotic sequence i s  assumed, perturbation of the 
exact equations and boundary conditions about F = 0 is s t raight-  
forward. The zero-order  potential i s  that of the "reflection-plane" 
model of Davidson. F o r  a r e s t r i c t ed  c l a s s  of shapes, the s lender  body 
theory is applied to  the zero-order  and f i r s t -o rde r  problems. A 
general  method i s  developed using conformal mapping to  solve the first- 
order  problem for  sufficiently slender shapes of a r b i t r a r y  c r o s s -  
section. This method i s  applied to two part icular  shapes, viz. a wing 
of z e r o  thickness and a half-submerged body of revolution, both in  
sideslip. The correct ion to  the reflection plane model i s  found to  be 
generally quite sma l l  i n  the range of F for  which this theory i s  
expected to  apply. 
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REFEREN CES 
I. IN TR OD UC TI ON 
The determination of the forces  and moments on a par t ia l ly  
immersed  body is important for  the prediction of performance, control 
and stabili ty in the design of surface ships and other interface vehicles. 
Historically, by f a r  the grea tes t  concentration of attention has been on 
the d rag  problem. The in teres t  i n  drag is cer tainly justified by the 
fac t  that commerc ia l  and mil i tary vesse ls  spend most of their  time in 
steady, rect i l inear  motion a t  z e r o  sideslip, and by  the d i rec t  relation 
of drag  t o  the economically and mili tari ly important fac tors  of speed 
and fuel consumption. However, for some types of ope ration more  
general  motions must  be considered. 
Interest  in sideslipping and yawing motion of ships has been 
motivated by considerations of maneuvering and turning charac ter  - 
is t ics .  Davidson and Schiff (Ref. 1, 1946) i s  a discussion of maneuver- 
ing problems and a summary  of ea r l i e r  work. It was  apparently 
Davidson who f i r s t  suggested the "reflection plane" model, which 
appears  in the cur rent  work a s  the zero-order  theory: the f r ee  s u r -  
face i s  regarded  a s  a rigid flat  wall, in which the submerged par t  of 
hull may be reflected. Advances in  the aerodynamics of low-aspect- 
ra t io  wings and s lender  bodies have been applied by Tsakonas (Ref. 2, 
1959) to  calculate hydrodynamic coefficients of ships, s t i l l  based on 
the reflection-plane model. To date no theory has appeared on yawing 
and sideslipping which takes into account the changes in elevation of 
the f r e e  surface in  the vicinity of the ship, and no theoret ical  just-  
ification has been presented for  the reflection-plane model, o r  i t s  
range of validity. It is the purpose of the cu r ren t  work  to  make some 
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contribution to  a clarification of these matters .  The present  author 's  
initial motivation came not f r o m  any love of modern ships - in  fact he 
has good personal  reasons  for a definite avers ion  to them - but ra ther  
f r o m  problems ar i s ing  i n  the design of sailing yachts, considered in  a 
previous paper (Ref. 3,1965). The yacht hull normally operates  in side- 
s l ip  to develop a side force  equal to  that of the sa i l s ;  control problems 
demand a knowledge of the yawing moment involved. 
The significant dimensionless parameter  fo r  motion of geo- 
metr ical ly  s imi lar  shapes near the f r ee  surface of a semi-infinite 
inviscid fluid i s  the Froude number F Z C ~ / ~ B  where c i s  a cha r -  
ac ter i s t ic  speed of the motion, g i s  accelerat ion due to gravity, and 
1 i s  a charac ter i s t ic  length of the body, taken here a s  the length 
measured a t  the water-l ine.  Typical upper l imits  of F a r e  0.15 
for  a fast  s teamer ,  0.10 for a fast  yacht close-hauled. Plausible 
qualitative arguments  have been presented by Davids on fo r  the validity 
of the reflection model in the l imit  of vanishing Froude number. (It  i s  
most useful t o  think of th is  l imit  a s  g becoming v e r y  large while c, 
1, and geometry a r e  held fixed. ) It was felt, then, that an  expansion 
of a l l  flow quantities a s  power s e r i e s  in  the sma l l  parameter  F might 
lead to  significant resul ts .  When this perturbation analysis  is applied 
to  the exact equations and the boundary conditions on the f r e e  surface,  
on the solid surface,  and in  the distant field, the zero-order  se t  of 
equations and boundary conditions a r e  found to  be exactly those of the 
reflection model. Order  F yields a mixed boundary value problem 
for  LaplaceDs equation in the portion of the lower half-space outside 
the body. Normal f i r s  t-order velocity on the plane of the undisturbed 
surface i s  prescr ibed  by the zero-order  p res su re  on that surface.  
In the case  of sufficiently s lender  shapes and sma l l  angles of 
sideslip, two simplifications emerge:  the slender-body theory p ro -  
vides anmalysis for the zero-order  p r e s s u r e s ;  and the f i r s t  o rder  
problem can  be solved in the cross-flow plane. This work deals 
pr imar i ly  with some genera l  resu l t s  and some specific solutions of 
the second-order problem for  slender geometry. 
11. EQUATIONS AND BOUNDARY CONDITIONS 
The governing relations will  be formulated f i r s t  i n  t e r m s  of a 
rectangular Car tes ian  co-ordinate s y s t e m  fixed in the distant fluid. 
The X, Z - plane coincides with the undisturbed surface f a r  away, and 
the Y-axis i s  ver t ical ly  upward; T i s  the t ime  measured  f r o m  some 
a r b i t r a r y  reference. The following assumptions a r e  made: 
1) The flow i s  incompressible,  irrotational,  and inviscid. 
The existence of a velocity potential cf, is thus assured,  
such that the components of velocity i n  the X, Y, Z-directions 
a r e  
a @  a@ a @  
TX TY ' TZ respectively. 
2)  The f r e e  surface i s  given by Y = H(X, Z, T), a single- 
valued function over the region of the X, Z-plane exter ior  to  
the body. This assumption i s  uniformly valid a t  sufficiently 
sma l l  values of F; it may break  down i n  the vicinity of the 
bow for  l a rge r  I?, depending on the geometry ( a  breaking 
bow wave). Such cases  a r e  beyond the scope of this t r ea t -  
me nt . 
3, The surface of the rigid body i s  given by E(X,Y,Z,T)=O, 
with the ex ter ior  E > 0. 
4) No wave t r a ins  a r e  incident, coming f r o m  far  away. In 
other words,  the only disturbance present  is that caused by 
the body's motion. 
5)  Velocity i s  finite in the vicinity of a sha rp  t rai l ing edge. 
This is the well-known Kutta condition of a irfoi l  theory, the 
only manifestation of viscosity considered here.  
6)  The Weber number pc2.1/(surface tension) i s  v e r y  large,  
s o  that surface tension effects a r e  negligible. 
Then the following relations govern the flow: the field eq- 
uation, which expresses  continuity: 
the boundary conditions expressing tangency of the flow on the  solid 
surface: 
and on the f r e e  surface: 
the dynamic condition requiring constant p r e s s u r e  (taken zero)  on the 
f r e e  surface,  using Bernoulli 's  equation for  unsteady flow: 
a distant boundary condition f a r  below: 
Severa l  difficulties a r e  apparent: 
1) Nonlinearity of boundary conditions (2-3)  and (2-4)  
2) Boundary conditions (2-3)  and (2-4)  a r e  applied on the 
sur face  Y = H(X, Z, T )  which i s  not known a t  the outset and 
mus t  appear  a s  p a r t  of the solution. Indeed, exis tence and 
uniqueness proofs a r e  apparent ly  lacking for  such  unknown 
boundary problems in more  than one dimension. 
3)  A fur ther  dis tant  boundary condition i s  neces sa ry  t o  
sat isfy  condition 4) above (no  incident wave t r a in s )  while 
s t i l l  pe rrnitting pers i s ten t  waves t o  be generated by the body's 
motion. F o r  s teady motion i n  the -X direction,  
i s  appropria te .  
This  c a s e  of s teady motion i n  the -X direct ion i s  of spec ia l  
in terest ,  and i t  is useful to  introduce a moving Car t e s i an  f r ame  
( X I ,  Y, Z, T )  where  X I  = X  f cT. The moving body i s  a t  the origin of 
the moving f r ame .  
The perturbation potential and f ree-sur face  elevation a r e  
The function represent ing the solid surface i s  independent of t ime for 
steady motions: 
Under this t ransformation (2-1) t o  ( 2 - 6 )  become 
2 VIQ1 = O  in Y Q H l  , El  2 0 (2-10) 
a @  aH 3% - +  0 on Y = H ~  ( ax,) a x ,  a* a z ,  a z  
IIL THE FORM OF SOLUTIONS 
The problem described in the previous section, (2-1) to  (2-6). 
involving a f r e e  boundary, i s  notoriously intractable;  not a single 
exact solution i s  available. 
The usual  approximation, leading to  what m.ay be called smal l -  
disturbance theory, a s sumes  vanishingly s m a l l  displaceme nt of the 
f r ee  surface and vanishingly smal l  velocity perturbations,  s o  that the 
f ree-sur face  boundary conditions (2-3)  and (2-4)  a r e  l inearized to  
applied on Y = 0. Small-disturbance theory can be derived a s  a 
rational power s e r i e s  expansion (Wehausen, Ref.4) in a s m a l l  geo- 
met r ic  parameter ,  e.g. ra t io  of amplitude to  length for  surface waves; 
or thickness ra t io  in  Michell 's thin ship theory, which t r ea t s  a sym- 
met r ic  planar wing penetrating the f ree  surface.  The small-dis tur-  
bance solutions a r e  character ized by two different kinds of terms:  (1) 
a local disturbance, which dies out rapidly with distance f r o m  the body, 
and (2) a superposition of surface waves of the f o r m  
a = A  sin(^^ xtwl TI s in  ( K ~  z + w2 T )  exp ( K :  + 1 'h -y (3-2)  
which follow a traveling disturbance; presumably s imi lar  waves would 
be present  in solutions of the exact equations. The energy radiated by 
the waves i s  provided by work done against "wave resistance1' ,  the 
calculation of which is the object of most small-disturbance problems, 
In the present  analysis  quite a different approximation i s  
made. The pa ramete r  which i s  assumed to be sma l l  i s  the Froude 
number F = c2/gl .  It i s  most useful and convenient to think of the 
l imit  F-0 a s  g becoming v e r y  large while c , l  , and geometry 
a r e  held fixed. Then the f r ee  surface i s  clamped v e r y  tightly to Y=O; 
a finite H over a finite region of the X, Z-plane would require  
infinite energy. Another way to  regard  the l imit  F-cO i s  t o  recog- 
nize c ' / ~  a s  the wavelength of the surface waves which keep up with 
the disturbance a t  speed c, which becomes much sma l l e r  than I . 
But since the wavelength appears  in the exponent in  ( 3 - 2 ) ,  wave 
effects become ve ry  s m a l l  a t  depths below a wavelength. F o r  ve ry  
sma l l  F, the waves affect  only a ve ry  thin layer  of fluid near the 
f r ee  surface. 
The only appearance of the parameter  F in the governing 
relations is in the p r e s s u r e  boundary condition (2-41, which can be 
wri t ten 
F appears  a s  the r a t io  of typical iner t ia l  forces  to  the gravitational 
force,  or the r a t io  of typical fluid accelerations to  gravitational acc-  
eleration. In the l imit  F-+8 gravity dominates. If this  i s  t rue  
uniformly thr  oughsut the flow, the appropriate f i r s t  approximation i s  
to neglect the right-hand side of ( 3 - 3 ) ,  which now becomes H=O. 
Consequently ( 2 - 3 )  becomes @ = 0 on Y=O and the fieldequation Y 
(2-1) is valid in  Y =S 0 , E E 0. This i s  the reflection-plane model, on 
which the re  will  be some fur ther  discussion in  la te r  sections. A 
fur ther  approximation could be calculated by using the reflection-plane 
potential t o  evaluate the right-hand side of (3-3), a r r iv ing  a t  a f i r s t  
approximation for  H; using this  H the full s e t  of equations be- 
comes l inear a n d c a n b e  so lvedfo r  a s e c o n d a p p r o x i m a t e  . This 
i terat ion process  repeated will  generate an  asymptotic expansion of Qi. 
In this  analysis  the equivalent and more  systematic  pe r tu r -  
bation procedure i s  used. The choice of an  asymptotic sequence for 
the expansion i s  guided by resu l t s  of small-disturbance theory, ex- 
panded for sma l l  F. The s implest  choice - a power s e r i e s  in F - 
is a t  f i r s t  discouraged by the frequent appearance of nonanalytic t e rms ,  
e.g. e -2PF/~3  in  the wave res i s tance  of a submerged cylinder a s  
5/2 given by Lamb, Art.249 (Ref. 5);  or F s in  4/F in Havelock's 
resu l t s  for res i s tance  in thin ship theory (Ref. 6,1923). In fact, it  
quickly becomes apparent in carrying out the expansion in powers of 
F that no wavelike behavior appears  a t  any order  and, consequently, 
no wave res i s tance  shows up a t  all. 
The distinction between local disturbance and wave pat tern i s  
important here, and another aspect  of i t  will  be pointed out by consid- 
erat ion of the fundamental source-like solution, for  a source of 
s t rength m a t d e p t h  f ,  a s  givenbyHavelock(Ref.7,1951).  
~ / 2  00 
- +  K o m S  s e c ' e S  K ( ~ - ~ ) C ~ ~ ( K X ,  cos ~ ) c o s ( K ~ s i n  0) dKde 
0 K - K~ secZ 8 
- n/2 
t 2 ~ ~ m  K 0 ( Y - f s e c 2  'sin(Ko xl sec  e ) c o s ( ~ ~  Z s i n  8sec2 9)sec"dB 
(3-5)  
Z 
where K~ = g/c2,  R I  = X: t (Ytf)' + Zz , and 
The f i r s t  integral,  represent ing the local disturbance, i s  readi ly ex-  
panded in  powers of F = l / ~ ~ l  : 
while the second integral, representing a superposition of plane 
surface waves, cannot be placed in this form. The same  conclusion 
holds for more  complex flows resulting f r o m  superpositions of sources 
and other singularit ies derived f rom the source by  differentiation and 
integration: while waves do not appear in a n  expansion in powers of F, 
such an  expansion i s  a valid representat ion of the local disturbance. 
It i s  interesting to see  where the waves do appear.  If (3-4)  
-
were  a uniformly valid asymptotic representat ion of 9 , and wave- 
like t e r m s  did not appear in (3-41, then wavelike t e rms ,  and hence 
wave resis tance,  would have to  be sma l l e r  than any power of F; 
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this  conclusion, however, is a t  variance with the r e su l t s  of thin ship 
theory (for  example, Ref. 6) where t e r m s  in the powers of F do 
appear. The nonuniformity occurs in the vicinity of stagnation points 
on the f r ee  surface - for  instance, a t  the bow and s t e r n  of a ship - 
where accelerat ion i s  no longer sma l l  compared with that of gravity, 
and the right-hand side of (3-3)  i s  no longer negligible. In the ex-  
pansion (3-4)  successive t e r m s  become l a rge r  and more  singular. 
By using expanded co-ordinates i t  is possible to  make a 
c loser  investigation of the region of nonuniformity. If, in a steady 
motion, the choice of inner var iables  is X=X~/FB,  y = ~ / ~ l ,  Z=Z/FI, 
h =H/FI, q = @ I / ~ ~ c ,  the f i r s t -o rde r  se t  of equations and boundary 
conditions f r o m  (2-10) to  (2-15) a r e  
which a r e  the small-disturbance equations. The solutions depend 
strongly on the details of the shape of the body descr ibed by the 
function e near  the singular point, but always involve the typical 
f r e e  wave pat tern dawnstream, f a r  out side the region of nonuniformity. 
This picture of waves being generated a t  the singular point and . 
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propagating into the r e s t  of the solution is i n  good agreement  with a 
general  resu l t  of thin-ship theory, due to  Inui (Ref.8,1962). By con- 
sidering the wave pat tern due t o  a continuous distribution of sources,  
Inui has demonstrated that fo r  sma l l  F the waves a l l  originate a t  the 
ends of the distribution, and that the s t rength of the waves i s  strongly 
dependent on the details of the distribution near the ends. It should 
a l s o  be pointed out that in those cases  of wave motion that have been 
c a r r i e d  out for  completely submerged bodies, where no singular stag- 
nation points occur, (par t icular ly,  the ent i rely genera l  case  of Lamb, 
Art. 25a (Ref.5) ) the wave res i s tance  is exponentially small .  
The question that must  now be considered i s  the extent of 
effects of the wavelike par t  of je on the t r ansve r se  force distribution 
on a body. Within small-disturbance theory, the only component of 
force on a body due t o  i t s  waves is a drag, since infinitesimal waves 
can c a r r y  away energy  but not momentum. This consideration does 
not, however, rule  out pure couples due t o  waves; a pitching moment 
is present in general  and has been t rea ted  by Lunde (Ref.9). The 
s implest  case  that might involve yawing moments i s  that of a planar 
wing of ze ro  thickness penetrating the f r e e  surface.  (The thickness 
case,  which can  be superimposed, i s  called "thin ship theory.") The 
lifting surface i s  replaced by a distribution of e lementary horseshoe 
vortices,  whose potential i s  calculated in  Appendix I, having density 
proportional t o  the wing loading. 
The co-ordinate sys t em and variables  s e t  up for  steady motion 
a r e  used - see  (2 -7)  t o  (2-15). The lifting wing i s  represented  by a 
vortex distribution over the plane Z = 0, of s t rength y(X1,  Y), S O  
the p res su re  difference between the two sides  of the wing is pcy. 
The potential associated with such a vortex s y s t e m  i s  
where V is the e lementary  vortex potential derived i n  Appendix I. If 
w(X,, Y)  is the downwash velocity on the plane Z = 0, defined by 
then 
0 00 
Defining the kerne l  function 
we wri te  (3-14) a s  
which i s  in the f o r m  of the fundamental integral  equation of lifting- 
surface theory, except that the kerne l  i s  more  complex in this case.  
The kernel  can  be wri t ten a s  the s u m  of two parts:  
K1 aris ing f r o m  
the f i r s t  three t e r m s  of V, representing the local disturbance, and 
Kw ar i s ing  f r o m  the l a s t  te rm,  the wave disturbance. F o r  the 
present  purpose of investigating the magnitude of the wave effects, the 
in te res t  i s  i n  Kw: 
and i n  the associated component of the downwash 
We investigate the behavior of Kw fo r  la rge  values of 
K~ = g/c2 by the method of stationary phase. Since c o s [ ~ ~ ( X ~  - i ) sec  81 
is a rapidly oscillating function, the principal contribution to  the in- 
t eg ra l  (3-17) comes f r o m  the vicinity of points for  which the phase 
K ~ ( X ~  -5)sec ,0 i s  stationary. The only stationary point in  the range 
of integration i s  0 = 0; however, the point 8 = 0 i s  a z e r o  fo r  the 
r e s t  of the integrand, s o  the ordinary method requ i re s  modification. 
The required t reatment  i s  c a r r i e d  out in  Appendix 11. In this case  we 
have f(O) = Ko(Xl-6)r f l ' (0)  = Ko(X1-$), fU'(O) = O , @ ' ( O )  = 0, 
@"(0) = 2eKo(Ytrl) and (3-17) becomes approximately 
where the - sign i s  the sign of (XI- 6 ) .  This expression has a 
nonintegrable singularity a t  XI = 5; however, the application of s ta t-  
ionary phase i s  valid only i f  i co(X1-t )  i s  large.  At X I = & ,  (3-17) 
gives 
K (y*?)sec2 e d e  Kw(XlpYi Xlrq) = ~ K O  sin2 8 sec5 8 e O 
F o r  large K~ this integral  can b e  evaluated approximately by the 
method of s teepest  descent, done in  a fashion quite analogous to  the 
method of Appendix 11. Again the principal contribution i s  f r o m  value s 
of 8 near the s tat ionary point 8 = 0; the r e su l t  is 
s o  the kernel  i s  finite and integrable. 
Assume [ y ( X 1 , Y ) I < M  for  O S X p < , (  and y ( X 1 , Y ) = O  
outside that region. Then f r o m  (3-18) 
where f(X1-e) is finite and integrable. So 
and using F = KO,( , 
The contribution to  the downwash f r o m  the wave pa r t  of the kerne l  in 
(3-16) is exponentially sma l l  a t  any finite depth Y below the f r e e  
surface. Any integrated effect of this  downwash f r o m  the f r e e  surface 
downward i s  of order  F3Iz. The oscil latory behavior of f(Xl- 5 )  , 
displayed i n  ( 3  -19), indicates that integrated fo rces  and moments 
3/~ connected with the wave pa r t  sf the kerne l  a r e  even sma l l e r  than F 
This r e su l t  of small-distribution theory i s  used t o  justify 
neglecting the wave t e r m  in the kerne l  while calculating fo rces  and 
moments of o rde r  unity and order  F . 
IV. PERTURBATION EQUATIONS 
To obtain the perturbation expansion, the potential and the 
f ree-sur face  elevation a r e  expanded in power-ser ies  form: 
Throughout this  paper the notation of superscr ip ts  in parentheses  i s  
used to  denote the coefficients of powers of F in  s imi lar  s e r i e s  
expansions for  var ious quantities. 
When (4-1) and (4-2)  a r e  substituted into (2-1) to  (2 -5)  
and the coefficients of the various powers of F a r e  collected, there 
resu l t  s e t s  of equations and boundary conditions for  the and 
The conditions on the surface Y = H must  be t r ans fe r red  to  the Y = 0 
plane, by expanding Cf, in  the f o r m  of (4-l), and i t s  derivatives, i n  
Taylor s e r i e s  about Y = 0: 
t O(F3) e tc  (4-3)  
4.1 Zero  Order  
Together with a fur ther  distant boundary condition on vdO) 
near Y = 0, and the Kutta condition on trail ing edges, these relations 
determinp @(O'. They a r e  precisely the relations governing the 
motion in a n  unbounded fluid, of a body (cal led the Isreflected body") 
whose surface i s  given by E(X,Y, Z,T) = 0, Y< 0, and i t s  reflection 
i n  the Y = 0 plane, constrained t o  move on that plane. So  the reflect- 
ion-plane model of Davidson emerges ,  a s  expected, a s  the l imit  for  
vanishingly sma l l  Fr oude number. 
Heaving, rolling and pitching motions produce changes i n  the 
geometry of the reflected body, while for  t ranslat ions in the Y = 0 
plane (forward motion and sideslip) and yawing motions the body's 
shape i s  t ime-invariant.  The zero-order  problem with fixed geometry 
is a famil iar  and fundamental problem in  aerodynamics,  and much 
attention has been given t o  i t s  solution. The zero-order  problem with 
variable geometry i s  not s o  wel l  developed; havever ,  most  of the 
techniques developed for unsteady motion of bodies having fixed geo- 
me t ry  a r e  suitable for extension to  t ime-variable geometry. 
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Equations (4-4)  to  (4-8)  with an  additional distant boundary 
condition have a unique solution i f  the potential i s  assumed single- 
valued. That solution, however, in  genera l  involves infinite velocities 
around the t rai l ing edges, i f  any a r e  present.  Satisfaction of the Kutta 
condition requi res  the presence in the fluid of f r e e  vortex sheets,  s u r -  
faces  a c r o s s  which m6) i s  discontinuous - the famil iar  trail ing 
vortex sheets  of wing theory, essent ia l  t o  the development of lift. 
The zero-order  forces  and moments a r e  calculated by in- 
tegrating p r e s s u r e s  derived f rom the zero-order  approximation to  
Bernoulli 's equation ( 2-4): 
The t e r m  -gY i s  omitted, since it contributes only the uninteresting 
hydrostatic force and mome nts. 
4.2 F i r s t  Order  
H(') can  be eliminated between (4-12) and (4-13) to  yield 
a single condition on i n  t e r m s  of 53'0). F r o m  (4-9)  i t  i s  
apparent that the quantity H(') i s  direct ly  related to P'o): f r e e -  
sur face  height, t o  order  F, i s  precisely the head of fluid supported 
by the zero-order  p r e s s u r e  occurring on the reflection plane. 
So a(') i s  a harmonic function of the space variables,  with 
normal  derivatives given on the solid boundary and on the plane Y = 0 
and derivatives vanishi ng f a r  ahead. Again the continuous solution 
fails in  genera l  t o  sat isfy the Kutta condition, and vortex sheets  must 
be present  in a lifting problem. Now in  the exact problem t h e r e  i s  
only one vor tex  sheet f r o m  each trailing edge; its position should 
respond to  a l l  o rde r s  of perturbation velocities. Strictly, it should 
be t rea ted  a s  another f r ee  surface which i s  slightly per turbed f r o m  i t s  
s t rength and position in  the zero-order  solution. However, the avail- 
able wing theories  for solution of the zero-order  problem neglect even 
the inductions of the bound vort ices  in locating the trail ing vortex sheet; 
compared to  these the velocity contributions f rom 53") a r e  O(F). 
It i s  consistent with the accuracy  of wing-theory solutions for  
to  allow the vortex sheet  for a l l  o rders  t o  coincide with the zero-order  
sheet. 
In the most  genera l  case  this f i r s t -o rde r  problem does not 
admit of easi ly  computed solutions, on account of the complex shape of 
the boundary on which the normal  derivatives a r e  specified; however, 
for  a cer ta in  c l a s s  of sufficiently slender shapes the problem becomes 
a two-dimensional one and can be approached by complex analysis. 
When a(') has been found, f i r s t -order  fo rces  a r e  computed f r o m  the 
pressu res  given by the f i r s t -order  Bernoulli 's equation: 
4.3  Second and Higher Orders  
The f i r s t  order  problem i s  typical of a l l  the higher-order ones. 
All a r e  governed by Laplace1s equation V2 di) = 0 i n  the lower half- 
space outside the body, with the same condition V E * V @ ( ~ )  = 0 on E=O 
and vdi) vanishing fa r  ahead. The normal  velocity over the Y  = 0 
plane i s  prescr ibed  by a functional of the $j)  and ~ ( j ) ,  j< i  ; fo r  
example 
2 1 (H(1)) - $I) H(l).+ @('k(I(') + @(o) H(l) H(l) 
- z  Y Y Y  Y Y  z z  Z Y Z  
where 
on the plane Y  = 0 . The methods developed for the f i r s t -order  
problem a r e  equally applicable to  higher orders ,  since the problems 
fal l  into the same form;  the computations a r e  apparently more com- 
plicated. 
V, SUBMERGED CYLINDER 
The perturbation equations in Section IV have been especially 
developed t o  deal  with t ransverse  forces.  It would be reassuring a t  
this point to  find them in  agreement with the resul t s  of small-distur- 
bance theory under circumstances where both a r e  applicable. 
One case  i n  which t r ansve r se  forces  have been calculated by smal l -  
disturbance theory i s  that of the lift on a submerged cylinder normal  t o  
the s t r e a m  ( o r  more  accurately,  a submerged line doublet pointed up- 
s t r eam)  t rea ted  by Havelock (Ref. 10, 1928 and Ref. 11, 1936). The 
resu l t  i s  valid for  any speed provided the depth of submergence is 
sufficiently great,  compared to  the radius. 
Using the present  method i t  i s  possible t o  compute the lift 
on a cylinder a t  any submergence, total  or partial ,  provided the speed 
is low enough. To do s o  would only be a n  uninteresting exerc ise ;  for  
purposes of comparison we want t o  calculate the combination of deep 
submergence and low speed. 
X 
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P a r t i a l  submergence, f < a c 
IC----- 
- 
Deep submergence, f>> a 
Fig. 5.1 
In this  case  the cylinder of radius a i s  represented  by a doublet of 
s t rength M = ca2.  The co-ordinates used in  this  section only a r e  
shown in Fig. 5.1. F i s  r e f e r r e d  to  the typical dimension of the 
body, a: F 
F i r s t ,  the zero-order  force i s  calculated by the reflection- 
plane model. In this approximation a n  image doublet of strength ca2 
i s  located a t  ( 0, + f )  and i t  is necessary  to  calculate the force  on one 
doublet due to  the other. The force on a doublet i s  given by Milne- 
Thompson (Ref. 12) as: 
where OL is the inclination of the doublet's axis (he re  zero)  and f ( z )  
i s  the velocity with the doublet a t  z removed. In the present  
application this  becomes 
The velocity gradient au/ay i s  calculated f r o m  the potential of a 
doublet, with the r e su l t  
The fir s t  o rder  is calculated f r o m  the perturbation equations 
(4-10) t o  (4-14), using fo r  the zero-order  potential 
F r o m  (4-13) i t  is found 
then f r o m  (4-12) , 
This condition, prescr ibing the normal  velocity over y = 0, is sa t i s  - 
fied by a source  distribution along the x-axis with s t rength 
m(x) = 2$) (x, 1 ,  or  
Fig. 5.2 F i r s t -o rde r  P rob lem 
Now i t  is necessary  to find the velocity gradient au(l)/ay a t  (0,  -f)  
due to  the source distribution rn(x). The contribution to  &/ay  
f r o m  the pa r t  of m between x and x t  dx is 
s in 8 cos 8 
nRz mdx 
(1) Consequently au / ay  i s  found by integrating (5-8)  f r o m  -a to 
$ a ;  or, using x = f t a n 8 ,  
~ / 2  
The integration i s  done with the help of Dwight (Ref.l3), No.858.514, 
with the r e su l t  
Putting this  in (5-2), we find 
Combining the resu l t s  (5-3)  and (5-111, 
Havelock's resu l t  is given i n  the f o r m  (Ref.10) 
where  K g/c2 and l i  i s  the logarithmic integral. Using the 
identity between the logarithmic integral  and the exponential integral, 
and using the asymptotic expansion of the la t ter  given by Jahnke and 
Emde (Ref. 14): 
(5-13) can  be represented  fo r  la rge  ~f by 
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which i s  gratifyingly identical with the present  resu l t  (5-12). 
No sufficiently simple solution involving a trail ing vortex sheet  is 
available for  comparison. 
VI. SLENDER BODY APPROXIMATION 
In the slender-body theory (see ,  fo r  example, Adams and 
Sea r s  (Ref.l5,1953) and Sacks (Ref.16, 1954) we have an  analytic 
approximate solution for  the zero-order  problem for  @(o). for a 
genera l  c l a s s  of bodies, denoted a s  "slender1', and motions restricks3 
to  slow maneuvers and s m a l l  angles of attack. To fit into the ordinary 
slender -body theory, a shape must  have i t s  l a t e ra l  dimensions sma l l  
compared with distance f r o m  the nose, slopes of i t s  surface smal l  
compared with unity, and curva tures  in the s t reamwise direction sma l l  
compared with the rec iproca l  of distance f r o m  the nose. Under these 
circumstances,  conditions change s o  slowly along the length that i n  
each  lscroseflow plane1# normal  to  the body the flow i s  essent ial ly  the 
two-dimensional flow pas t  a cylinder having the same  cross-sec t ion  a s  
the body. 
F o r  a fur ther  r e s t r i c t ed  subclass of s lender  bodies the same  
reasoning leads to  a t rea tment  of the second-order problem i n  the 
c r o s s  flow plane. The res t r ic t ion  i s  that the zero-order  p r e s s u r e  
distribution P(O)(X,O, Z,T) be a l so  effectively "slender";  that is. 
1) the la te ra l  extent of significant p res su re  disturbances 
must  be sma l l  compared with distance f r o m  the nose, and sf the same 
o rde r  a s  the l a t e ra l  dimensions of the body; and 
2) p r e s s u r e  disturbances must  change slowly along the length. 
If these conditions obtain, then the boundary condition (4-13) changes 
slowly along the length; appealing to the continuous dependence of 
on i ts  boundary conditions, we conclude that the second-order  
flow changes slowly along the length and so i s  essent ial ly  the two- 
dimensional flow in  the cross-flow plane. 
The geometr ical  restr ic t ions that will  guarantee satisfaction 
of restr ic t ions 1) and 2) on p res su re  a r e  not immediately c lear ,  
and their  investigation i s  postponed until la ter  in the paper, when some 
analysis relating to  s lender  configurations has been c a r r i e d  out. 
VII. STEADY SIDESLIP - BODY-FIXED COORDINATES 
F o r  the spec ia l  case  of steady forward motion and sideslip, 
two factors  resu l t  i n  a simplified treatment: 
1) Geometry of the reflected body is fixed. 
2)  The f ree-sur face  boundary conditions assume simple forms 
in body-fixed co-ordinates. 
A rectangular Car tes ian  co-ordinate sys t em (x8y8z,t) fixed 
in the body and translating with respec t  t o  the (X,Y,Z,T) sys t em i s  
introduced (Fig. 7J). At T = t = 0, the two sys t ems  a r e  co-incident. 
The origin of the (x,y,z,t) sys t em i s  chosen to be the foremost  point 
of the intersect ion of the body surface with Y = 0 ; i.e., the nose of 
the reflected body. 
The x-axis i s  chosen more  o r  l e s s  along the length of the body. 
In cases  where the body has a ver t ica l  plane of symmetry,  the x-axis 
will  always be taken in  that plane. The origin has the steady velocities 
- c  cos& T C  sins in  the X - and Z - directions respectively. Then 
the t ransformation between moving and s tat ionary f r ames  is 
Z 
Fig. 7.1 Moving Co-ordinate System 
The following functions a r e  introduced for  the perturbation potential, 
f ree-sur face  elevation, and pressure:  
under the t ransformation (7-1). By this  definition cp is the "pertur-  
bation potential1'; i t s  derivatives a r e  the "perturbation velocities" - 
the fluid velocity components at a point (x,y,z,t), minus the f r e e -  
s t r e a m  components. ~p and h a r e  assumed for  the present  to  bei 
functions of t; whereas  the function represent ing the solid surface 
is independent of t for the motions considered. 
7.1 Z e r o  Order  
The zero-order  relations (4-4) to  (4-8)  now become 
$ ) - o  a s  x + - m  or  y - - m  (7-9) 
(0 ) 
'C7q finite, trail ing edge (7-10) 
It is to  be observed by differentiating (7-6) - (7-9)  with respec t  to 
(0) * time, t h a t t h e  p r o b l e m f o r  cgt . 
i s  homogeneous, and has only the solution ( 0 ' = 0  in  y<O,  e 3 0 .  qt 
Thus the zero-order  solution 8) i s  independent of t ime, and s o  the 
variable  t i s  omitted i n  the following. 
Now for slender geometry 'p") is approximated by 
(0) (0 9 (x,y,z) = cp ( 2  + i y ;  x)  
(0) 
= <P ( s i x )  (7-11) 
where the complex variable s - zi + iy  has been introduced. @(o) is 
a r e a l  function of s, with x appearing a s  a parameter  labeling the 
cross-flow planes. In the approximation of slender-body theory, (7-6)  
becomes 
which i s  satisfied by requiring to  be the r e a l  par t  of a n  analytic 
(0 1 (0 function of s, called the complex potential f ( s ;  x)  = $I ( s ;  x )  
+ i+(')(s;x), where +('I i s  a l so  real. 
The problem for  cp(0) then reduces t o  finding the harmonic 
r e a l  function @") in each  cross-flow plane, subject t o  the conditions 
(0 * = -n  c s i n 0  on the body cross-sec t ion  @(x)(7-14) 8n z 
n = n 9 i n  being the outward normal  t o  C(x). This i s  a well-posed 
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mixed boundary value problem for Laplace's equation in  a simply 
connected region of the plane. 
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It wil l  be useful a t  t imes  t o  consider the problem i n  the whole 
s-plane exter ior  t o  the reflected body cross-sect ion.  Noting the 
Cauchy-Riernann conditions expressing the analyticity of f(') : 
we observe that (7-17) with (7-13) requi res  that vanish along 
the r e a l  axis ;  hence +(" = constant on z = 0 and we take that con- 
stant to be zero. Then f(') is purely r e a l  on the r e a l  axis and may 
( 0 )  - - (o )  be continued into the upper half-plane by f ( s )  = f ( s )  . The region 
i s  now doubly connected; however the circulation about the inter ior  
boundary vanishes by virtue of (7-13) and the symmet ry  of (7-14) 
about the r e a l  axis. 
The f o r m  of Bernoulli 's equation (4-9)  appropriate  to  slerder 
body theory, in  the moving co-ordinates,  is 
where p(0)= p'O)(s; x )  is now a function of s,  and cos a ,  s i n a  have 
been approximated by 1, CY respectively. On the plane y = 0, ('7-13) 
reduces 47-18] to  
7.2 F i r s t  Order  
The following relations a r e  found by expressing (4-10)-(4-14) 
in  t e r m s  of the new variable: 
The h") of (7-22) can  be substituted into (7-21) to  give dir  - 
ectly in t e r m s  of 0(0) (using (7-12) to  replace with -%,) (0) . 
~ Y Y  
Since i(O' was found to  be independent of t ime, we may differentiate 
(7-19)-(7-23) with respec t  t o  t ime and a r r i v e  a t  the same  homogemous 
11 problem a s  (7-6')-(7-9')  for  rpt ; hence it i s  concluded that 
q (I) 
i s  likewise indepe~den t  of time. 
If the c r o s s  flow analysis can be applied t o  the second-order 
problem, a s  discussed in  Section VI, then i t  will  be useful t o  introduce 
a notation s imi lar  to  that used in the zero-order  analysis.  We define 
in  analogy to  (7-11), while (7-19) requi res  that $(') be the r e a l  
(1) pa r t  of an analytic function f ( s ;  x) . 
The boundary conditions on the harmonic $ (  i n  the whole 
s-plane a r e  
(1) * = 0 on the ref lected body cross-sec t ion  C(x) a n  
@(I) - 0 f a r  away (7-28) 
Here the l ine-source distribution m(z;  x) has been introduced to  
sat isfy the normal  velocity requirement  on the z-axis. The strength 
of rn is m i n u s  twice the normal  velocity @ a s  given by (7-24) 
The f i r s t -order  Bernoulli equation (4-15) expressed  in the new v a r -  
iables, and simplified consistent with slender-body theory, is 
VIII. SYMMETRY CONSIDERATIONS 
The calculation of the p r e s s u r e s  p(O) and p(') i s  fur ther  
simplified, in  fact t o  the point where some analytic r e su l t s  can be ob- 
tained for specific shapes,  if  the body under consideration i s  sym- 
met r ic  about the z = 0 plane; this means the reflected body has two 
planes of symmetry. Then any t e r m  in the p res su re  equations which 
i s  a n  even function of z does not contribute to  the side force ;  a l so  
the even par t  of the source  s t rength m(z ;x )  will  produce the even 
(1 par t  of (P , while the' odd par t  of m accounts for  the odd par t  of 
(1 cp . By an  "even function of z" is meant a function f (z )  or  f ( s )  
- 
with the property 
or - f (-s) = - f ( - z  t iy)  = - f ( z  t iy) = - f ( s )  
whereas for  a n  "odd function of zP1,  g(z)  o r  g ( s ) ,  
Now consider the symmet ry  propert ies  of the var ious t e r m s  of the 
zero-  order  Bernoulli equation: 
It is  c lear  that q~!)  has the same  value a t  corresponding points 
-i (-z t iy) on the two sides,  s o  the second t e r m  of (7-18) i s  even in  
m. Immediately, t hen ,  (q~!))' must a l so  be even. Fur the rmore  
(0) is odd, s o  (qy ) is even. So the only t e r m  that contributes to  
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zero-order  side force i s  
Now the source  s t rength distribution entering into the second-order 
problem i s  determined by (7-21). F o r  this purpose h") (7-22) i s  
broken into odd and even parts:  
h(li even = - c 2 q!)(x. 0.z) t i [ ( ' I  qz (x,O,z) I .>( , -3)  
and the odd and even source  distributions a r e  derived f r o m  them: 
m ( z ; x ) =  - 2  even (8-5)  
y=o 
Now the f i rs t -order  Bernoulli  equation (7-29)  i s  investigated, 
(1) (1) (1) with q = qeven % qodd. We separa te  out the odd p r e s s u r e  terms:  
which a r e  the only ones that contribute to  f i r s t -o rde r  side force.  
IX. SOLUTIONS BY CONFORMAL MAPPING. 
Solutions of the two potential problems with boundary condit- 
ions (7--13)-(7-115) and (7-26)- (7-28)  may be obtained by conformal 
transformation of the s -plane into another complex plane in  which the 
boundaries a s sume  shapes suited to  the necessary  computations. Since 
we a r e  interested in and i ts  derivatives only on the inter ior  
--
boundary, it s eems  natural t o  consider a t ransformation that maps the 
inter ior  boundary and the r e a l  axis,  where the sources  a r e  located, 
onto a single line ( s a y  the r e a l  axis)  in the mapped plane. The t r ans -  
formation of this type that leaves the plane unchanged a t  infinity will  be 
chosen. The mapped plane i s  called the cr-plane (cr = 5 $ iq)* and 
the t ransformation i s  represented  by 
with the inverse 
The complex potential i s  the same  at  corresponding points in  
N 
s -  and u-planes; s o  a potential f (u;  x )  = $(o; x)  $ i +(u; x )  is 
introduced in the u-plane, defined by 
N 
If the mapping (9-1)-(9-2) i s  conformal then f i s  a n  analytic 
- 
function of cr, and s o  @ i s  harmonic. 
9.1 Zero  Order 
It i s  useful to consider a slightly different zero-order  probkm 
f r o m  the one posed in (7-13)-(7-15). Rather than deal  with the rigid 
boundary moving in the negative z-direction with speed a c, i t  is  
prefer red  to solve the altogether equivalent problem of a fixed 
boundary in a s t r e a m  which fa r  away has velocity a e in  the positive 
(0) (0) z-direction. Call  the potential in  the lat ter  problem fk '  = $ i+l . 
Its boundary conditions a r e  
Fig. 9.1. Equivalent zero-  order  problems. 
- The potentials for the two problems a r e  related by 
Now the problem for  i s  mapped into the w-plane, 
where the solution i s  trivial: 
Fig. 9.2. Mapping of zero-order  problem. 
and 
Let  s o  = zo -t iyo r ep resen t  a value of s o n t h e  in te r ior  boundary, 
where $(o) has been taken equal to  zero. Then 
and, by (8-l) , 
The force on a differential  length dx of the body i s  obtained by  a n  
integration: 
i dS f idL = 4 dx Podd (-dy $ i d z )  = - d x  2 podd(~0 ;x)d '0 (9-13) 
C(x) C(x) 
Fig. 9 . 3  F o r c e  resolution 
Here d L  i s  the force along the y-axis due t o  Podd' which inte- 
1 gra tes  to z e r o  by symmet ry  about the r e a l  axis. The fract ion 2 i s  
t o  make dS represent  the side force on the actual  body, that is, on 
the lower half of the reflected body. Using (9-12), 
Alternatively, ~ s ( o )  can be obtained f rom the vir tual  mome ntum 
considerations of ordinary s lender  -body theory, or f r o m  integrations 
in  a complex plane other than the a-plane. 
Next the conformal mapping i s  used to  investigate the d is t -  
ribution of p (o) over the surface y = 0 - t o  see  whether ingene ra l  
this distribution i s  effectively l t s lendern .  The imaginary par t  of 
f(') has been taken equal to  z e r o  here, so, f r o m  (9-10) and (9-1) 
(0 1 Differentiating and substituting into (7.-18) we find that p (x,O,z) 
has the f o r m  of a power s e r i e s  in  inverse powers of z, starting 
The p r e s s u r e  disturbance dies off rapidly with -pc2a  --& . 
with increasing z; and s o  we may expect that the l a t e ra l  extent of 
the major pressu re  disturbance i s  small ,  of the o rde r  of dAl/dx. 
9.2 F i r s t  Order 
The mapping to  the u-plane was especially chosen to  s i m -  
plify the f i r s t -o rde r  pr oblem. Under the conformal t ransformation 
(9-2), the source  distribution m(z ;x )  maps into a source  d is t r i -  
bution 
r(5;x)  = m [ g ( g ; x )  ; XI gV(5;x)  
along the 6-axis (shown in  Appendix 111). 
In the rr-plane now there is the distribution 
Fig. 9.4. Mapping of second- order  problem. 
. ( ; x) of sources  along the %-axis with 1 5)  >, 5 l ,  and the 
potential ( need be calculated only on the 5-axis with ( 
Poisson's integral  reduces t o  a one-dimensional integration over gt 
outside ( -  cl 1: 
where the la t te r  f o r m  has been obtained by substituting - S g  for  5' 
in the f i r s t  integral of (9-17). When y i s  expressed  a s  p=yeven  
t podd, the re  resu l t s  
Here Podd and I*even a r e  given by (9-16) applied t o  m odd and 
m equations (8-4)  and (8-5)  respectively. 
even' 
Since the integrals  containing logarithms a r e  hard  to  dealwith, 
i t  i s  useful t o  obtain algebraic  fo rms  by differentiating (9-19) and 
(9-20) with respect  t o  c: 
The resu l t s  of (9-21) and (9-22) can  be integrated t o  find 5 )  (S;x) even 
"(1 
and qodd(5; X) ; the constants of integration a r e  immate r i a l  constant 
potentials. 
+(I) on the boundary is obtained by the mapping (9-1) : 
s o  that the f i r s t -order  side force i s  obtained through the f i r s t -o rde r  
Bernoulli  equation (8-6) integrated by (9-13) : 
- - -  
i (1 i 
f' elX - 2 $ (@odd)xdso - 2 "C  $ (+('I even z dso 
(3x1 C(x) 
(o\$(') ) ] dso . ' @y even y 
C(x) 
Since @ was calculated only on the boundary, it may appear that 
the z-  and y- derivatives in (6-24) a r e  not determined; however 
knowledge of @ on the boundary plus the vanishing there  of 
a@(')/an (7-26) suffice t o  determine @!) and 
X. SLENDER WING OF Z E R O  THICKNESS 
The f i r s t  specific geometry considered i s  a flat  plate wing of 
a r b i t r a r y  s lender  plan f o r m  i s  given by y = -a(x)  . 
The reflected body i s  the flat  plate wing with span 2a(x) . 
The inter ior  boundary C(x) i n  the cross-f low plane i s  the 
cut f r o m  -ia(x) to  +ia(x). Under the 
* transformation 
with the inverse 
the boundary C(x) maps into the cut f r o m  -a(x)  t o  +a(x)  in  the 
cr-plane, the z-axis maps into the 5-axis with I GI> a ,  and the 
plane is unchanged at infinity. The s ign of the square  root i s  chosen so 
that or is in the same  quadrant a s  s . 
The complex potential is ,  by (9  -lo), 
and on the boundary, where  so= iy, the r e a l  potential is, by (9- l l ) ,  
The zero-order  side force  distribution i s  given by (9-14) 
a 
a a  
-- 
x i idy 
dx 2 
dso = - - p c2a aaxe 2 2 
- a  (10-5) 
This i s  the famil iar  resul t  of the Jones s lender  wing theory (Ref. 17, 
1946). The section of maximum span is t rea ted  a s  the trail ing edge, 
and x = I i s  i t s  location. 
The next s t ep  i s  to  calculate h(') f r o m  (8-2)  and (8-3). 
The r e a l  potential on the surface y = 0 is, f r o m  (10-3), (with 
9 
- = sign z )  
Consequently, 
a 2  h(') (x,z) = -1 a 
even 2 z 2 e a 2  
These expressions a r e  used in (8-4)  and (8-5)  to  determine 
the source  distributions in  the physical plane: 
- 
m = 2 1 c d a ~  
even 
"Slendernesss' of this source  distribution, a s  requi red  for  a crossflow 
analysis of the f i r s t -o rde r  problem, demands that a 
XX 
not change 
v 2  too rapidly in x: axxx << I . 
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The source distribution in  the u-plane i s  found by (9-16) 
t o  be 
The integrations of (9-19) and (9-20) , using thesth. source  
distributions, a r e  c a r r i e d  out in Appendix IV, with the resu l t s  
1 1 
(10-13) 
l e a 2  ax 
1 )  = - a t ( a 2 -  g2)Z]t $ [a-(a2- g 2 ) i  1' 
even 2 log [ a 5 (10-14) 
with a constant t e r m  ignored in the la t ter ,  Transforming back to  the 
s-plane by (10-1): 
The f i r  st-order Bernoulli equation (8-6) gives the spanwise loading: 
The side force  is given by the integration (9-13) , 
a  
ds(l) 
- -  dx - 2 l &i d y .  
0 
The necessary  integrals  a r e  worked out in  Appendix V, with the 
r e su l t  
Fur the r  comment on this resu l t  and i t s  application t o  specific plan 
fo rms  is r e se rved  for the concluding Chapter XII. 
XI. HALF-SUBMERGED BODY OF REVOLUTION 
The second specific geometry considered i s  a s lender  body 
whose submerged portion i s  half of a body of revolution, s o  that the 
reflected body i s  a s lender  body of revolution. The x-axis  is along 
the line of centers  of the body cross-sect ions,  whose rad i i  a r e  given 
by a(x). If the body has  a base, i t  must  be approximately normal  to  
the x-axis. 
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The in te r ior  boundary C(x) in  the cross-f low plane is the c i r c l e  
I sl = 4 x 1  
. Under the t ransformat ion  
[ a(x)I2 0- = y( s ;x )  = s $ ---- 
s 
w i th the inverse  
the boundary C(x) maps  into the cut f r o m  -2ajx) t o  2 4 x 1  in  the 
cr-plane, the z-axis  maps into the 5-axis with 15 1 > 2a, and the 
plane is unchanged a t  infinity. The sign of the rad ica l  is chosen s o  
s and cr a r e  in the s ame  quadrant, 
The complex potential is, by (9-10) 
i 8 and on the boundary, whe re  so = ae  the r e a l  potential is, by (9-11) 
(0 1 @ ( s o ; x )  = a c a  cos 8 .  (11-4) 
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The zero-order  side force  distribution i s  given by (9-14) 
~ s ( o )  - i  
-
- - - pczo dx 2 ds, = n p  c % a a x ,  (11-5) 
which is the famous r e su l t  of Munk in the original work  on s lender  body 
theory (Ref. 18, 19 24). 
The r e a l  potential on the surface y = 0 is, f r o m  (10-3) , 
Putting this into (8-2)  and (8-3)  : 
h(') even (x.z)  = - L & ]  2 24  ' 
These expressions a r e  used in  (8-4)  and (8-5)  to determine 
the source distributions i n  the physical plane: 
1 2 a4 
rn odd ( z ; ~ )  = 2 1 ~  2 0 ( a : + a a x x ) z i 2 e 3 ~  23 - bo3 - + a a d $ - ]  2 5  
a3 
m ( z ; ~ )  = 8 1 c 0 2 a x  
even 
Slenderness of the source  distribution requi res  ax= << '/12. 
By differentiation of (11-12) i t  i s  found 
Then, by (9-16) 
The l a s t  t h r ee  t e r m s  a r e  eventually found to  make no contribution to the 
p r e s s u r e ;  s o  they a r e  c a r r i e d  along in  the form: 
Also, by ( 9  -16) 
1 
where  Z s tands  for  5 -1. ( c2 -4a2)' . 
The integrations over sou rces  a r e  c a r r i e d  out by (9-19) and 
(9-22). The n e c e s s a r y  in tegra l s  a r e  worked out i n  Appendix VI. 
The f i r s t - o r d e r  Bernoull i  equation (8 -6 )  gives  the p r e s s u r e  
around the c i rcumference .  It i s  convenient to  wr i t e  th i s  p r e s s u r e  a s  a 
function of the angular posit ion 0 , s ince on the boundary 5 = 2a cos  13 
and ~ @ / B B  = -2a s i n e  a?/a 5. Also  on the boundary we  have 
aa@/ay = cos 8 a@/ae and a a @ / a ~  = - s i n 8  a@/ao . 
Thus, 
"(1 ) = - 2  cos 0 s i n 0  (qeVen) , ( @even y 
and using these resu l t s  and (11-4) in (8-6)  we have 
cos B + 4a2ax ge l$ c o s 8  - (7 -8cos2Q)  
a 
The side force  i s  given by the integration (9-13) : 
The necessary  integrals  a r e  worked out in Appendix VII, with the resu l t  
Fur the r  developments a r e  t rea ted  in the following Chapter XII. 
XII. CONCLUSIONS 
A principal conclusion of this  study i s  that the local par t  of the 
disturbance caused by a moving body i s  representable  a s  a power series 
in Froude number F, except in  sma l l  reg  ions of nonuniforrnity near 
stagnation points on the f r e e  surface.  Equations a r e  presented for the 
calculation of the coefficients of the power se r i e s ,  t o  a r r i v e  at  in  
asymptotic expansion, for  sma l l  F, for any flow quantity. The mag- 
nitude of wave effects i s  investigated with the conclusion that they may 
be neglected in calculating a t  least  the f i r s t  two t e r m s  of the e ~ a n s i o n s .  
A method of solution i s  presented for  partially submerged, 
sufficiently slender,  bodies of a r b i t r a r y  cross-sect ion.  The method is 
applied to calculate the f i r s t  two t e r m s  in  the expansions fo r  side force  
distribution fo r  two specific cross-sections: the planar wing of ze ro  
thickness, for  which the r e su l t  i s  
and the half-submerged body of revolution, for which the r e su l t  i s  
These formulas  a r e  now applied to  a few specific shapes. 
1. Delta Wing. This i s  the case  of a flat  wing 
Y 
4 
of z e r o  thickness having triangular planform: a (x)  = a x, where a 
X X 
i s  constant, the tangent of the half-angle a t  the nose. The side force 
distribution i s  
The net side force  i s  
The yawing moment  about the y-axis  i s  
and the cen te r  of p r e s s u r e  i s  a t  
- 
s o  that  if  a -c 0 with ff and F fixed, x-+.I/2. The f i rs t -order  
X 
s ide  fo r ce  i s  uniformly dis t r ibuted along t h e  length. A s  ax becomes 
s m a l l  [ O(Fa2)] the en t i r e  wing i s  v e r y  c lose  t o  the f r e e  sur face ,  and 
f r e e - s u r f a c e  effects a r e  fe l t  s t rongly;  the  coefficient  s") can  then be 
l a rge  compared  with S ( ~ )  
2. Cone. The body i s  a c i r c u l a r  cone having 
. rad ius  a (x)  = a x , where  a i s  a constant, the tangent of the 
X X 
half-angle. The s ide  fo r ce  dis t r ibut ion i s  
s o  the net side force  i s  
The yawing moment i s  
s o  the center  of p res su re  i s  a t  
Again, the f i r s t -o rde r  side force i s  uniformly distributed and for  very  
sma l l  a  [ O(FQ') ] the f i r s t  order  t e r m  may  be comparable t o  the 
X 
zero-order  te rm.  
3. Parabol ic  me ridian. The body i s  a figure of revolution 
with radius a(x)  = px(I-x)/ a , s o  p m  i s  four t imes  the maximum 
radius. Then ax = P ( a  - Z X ) / ~  , axx= -2p /p  , axxx= 0. 
(12-11) 
s o  the net side force  integrates  to  z e r o  a s  expected for  a shape with no 
base or trail ing edge. The moment i s  
The sma l l  s ize of the f i r s t -o rde r  correct ion for moderate 
values of the pa ramete r s  i s  noteworthy. F o r  CY = 0.1, ax = 0.1 and the 
fa i r ly  high Froude number of 0.1, the correct ion to side force i s  l e s s  
than 2% for the delta wing and about 5'7'0 fo r  the cone; the co r rec t -  
ion t o  center  of p res su re  i s  about 0.2% 1 and l.OO/o I respec t -  
ively. In the case  of the closed, nonlifting body of revolution treated, 
however, the correct ion to  the moment i s  considerable;  with P =  2 
and CY = 0.1 , the correct ion amounts to  a reduction in  moment of 
about 3370 a t  F=O.f.. 
The shapes calculated here  do not have any prac t ica l  value in 
naval archi tecture;  however, they do have qualitative s imi lar i t ies  to  
pract ical  shapes,  and s o  they'might provide qualitative indications of 
the Froude number effects for  pract ical  shapes. 
Perhaps  fortunately, no experimental data i s  available for  
comparison. Tsakonas (Ref. 2) gives data for  towing-tank t e s t s  of 
model hulls and flat  wings; however, a l l  his data a r e  a t  one Froude 
number, F = 0.02, and he concludes that the zero-order  resu l t s  a r e  
adequate. A major value of the present  theory i s  i t s  suggestion of 
cer ta in  simple shapes for which the calculations a r e  easy, a s  the three  
special  shapes considered above. Towing-tank t e s t s  of these s imple 
shapes would provide an  interest ing t e s t  of the theory. 
The calculations of th is  theory could be applied to  other 
slender shapes, e i ther  by direct  but tedious analysis s tar t ing f r o m  the 
mapping functions and following the same course  a s  Chaps. X and XI, 
or  by numerical  methods. F o r  shapes that do not qualify a s  s lender  in  
the sense  of this  theory, the perturbation equations of Chap. IV can  
be applied by numerical  methods. 
APPENDIX I 
THE POTENTIAL OF AN ELEMENTARY SUBMERGED 
The fundamental lifting solution for  f ree-sur face  flows i s  
derived f r o m  the fundamental s ource-like solution. If y is vertically 
upward and the s t r e a m  velocity i s  c in the positive x-direction, the 
potential of a source of strength m located a t  (0, - f ,  0) is, in the form 
given by Havelock (Ref. 7): 
Tr 
/a oO 
2 
seca 0 S n ( ~ - f ) c o s ( n x c o s  0)cos (nz s ine)  dud 0 
n - n sec20 
0 0 
where no  = g/ca, r l  = x2+ ( y + f ) =  t za ,  and raa = x2 + ( y - f ) 2  + z2 The 
f i r s t  t e r m  gives the sourcelike behavior a t  (0, -f,  0); the second t e r m  
and the f i r s t  integral (of which the principal value is to  be taken) a r e  a 
local symmetr ic  disturbance; and the second integral is the super-  
position of f r e e  surface waves that make up the wake. The ent i re  ex- 
pression sat isf ies  the l inearized f ree-sur face  boundary condition, 
mxx + Xomy = 0, on y = 0. Consequently derivatives and integrals  of 
I has been pointed out to  the wri ter  that the submerged lifting singu- 
l a r i ty  has  been presented previously, f i r s t  by Wu (Ref. 21, 1954) for  
the case  of p = 0 in the present  notation, and la te r  by other authors  
fo r  general  P. The appendix i s  included because the approach i s  quite 
different f rom Wu's and because the present  wr i te r  has not been able 
to  locate another derivation. 
H also  satisfy this  condition and can be used to  construct  solutions 
corresponding to different singularit ies at  (0, -f,  0). 
The fundamental lifting solution i s  a bound vortex element  of 
infinitesimal span c and infinite strength I? such that Tc i s  constant 
and equal to  the lift force  L divided by pc, the product of density and 
speed, according to  the Kutta-Joukowsky lift theorem. To sat isfy 
Helmholtz' theorems the bound vortex fi lament i s  continued into a 
pair  of f r e e  trailing vort ices  of strength r and separat ion a,  which 
extend par a l le l  to ' the x-axis to  infinity. 
The horseshoe vortex flow i s  identical with the flow induced 
by a line doublet extending f rom (0, - fa  0) to  infinity para l le l  t o  the 
x-axis, the doublet ax is  pointing opposite to the lift vector.  This can 
be thought of a s  a pair  of line sources of s t rength j? and separa-  
tion a, or a s  a distribution of doublets of strength/unit length re. The 
potential of one doublet a t  (0, -f,  0) having s t rength m e  and axis  point- 
ing opposite the lift direction i s  
a a ' 
m c ~ ( x ,  y z ; ~ ,  - f a  0 ; ~ )  = ma (sinp - cosp p) ~ ( x ,  y  Z;O, -f, 0) (1-2) 
Using the expression for H a'bove (I- 1), 
By changing coordinates i t  i s  easi ly  established that 
is the potential of a s imilar  doublet a t  ( 5 ,  -4, 0). 
The next step i s  to  integrate over a distribution of such doublets 
along the line y = -f, z = O. In order  to obtain convergent integrals  it 
is necessary  to  consider the des i red  uniform distribution as the l imit-  
ing case  of a broader family of distributions. A family of potentials 
i s  defined by 
C3 
Va(x, y, z;O, -f, 0;P) = 5 ema5 D(x, y, z;5, -f, O)d5 (1-5) 
0 
Then the des i red  vortex potential i s  
t - H .  - n(!"-f)sin(xxcos 0 )  s ec  e 
IT 0 pc 
0 
n - noseca 0 
[sinpsin0sin(nzsin0)-cosp cos(xz sine)] dn d0 
+ 2 n L L, [sinp s ine sin(% z sin0 sec2 0)-cosp cos(x0z sin8sec?l)] 
0 P C  0 
where the strength has been identified with L / ~ C .  Again, this  expres-  
sion i s  to  be regarded a s  composed of the submerged vortex r ep re -  
sented in  the f i r s t  t e rm,  the local disturbance of the second and third 
t e r m s ,  and the f r e e  wave pat tern of the las t  t e rm.  The f r e e  wave 
pat tern a t  a distance downstream can be calculated f rom the l a s t  t e r m  
according to  
L 
"/,  -x0f seca 0 
- - 2n0 - sin p 5 sin0 sec4 0 e 
pea - 72 
cos ~ ~ o s e c 2 8 ( x c o s 0  + z sine)]  dB 
IT 
L 
/2 -n  f seca 0 
-- C O S P  sec4  0 e 0 
- 2xo 
- 72 
s in  [no seca 0(xcos 0 +  z sin 8)]de (1-7) 
Using this  resu l t  the wave res i s tance  can be calculated by the methods 
of Havelock (Ref. 19). It i s  interesting to note that for the c a s e  P = 0 
(lift vector ver t ical)  the wave pat tern and res i s tance  a r e  identical with 
those of a submerged sphere  whose volume i s  2 ~ / 3 n  pea. 
0 
APPENDIX I1 
MODIFIED METHOD OF STATIONARY PHASE 
This appendix dea ls  with the approximate evaluation of inte- 
g ra l s  of the type 
= C Y(X) e i f  (x) dx (II- 1 ) 
with special  attention to  c a s e s  in which cp(x) has  a z e r o  a t  a stationary 
point of f(x). The notation and t reatment  a r e  s imi lar  to  Lamb's  
(Ref. 5, Art. 241). cp(x) and f(x) a r e  required to  be analytic a t  a 
stationary point a such that f ' (a )  = 0. Then, writing 5 = x - a, we 
have 
(II- 2 )  
(II- 3 )  
since cp(a) i s  assumed zero. 
Provided the quotient f'lf(a)/l f"(a) 1 %  i s  small ,  s o  that the third 
t e r m  in (11-2) can be neglected, the important pa r t  of the integral,  
coming f rom the neighborhood of a, i s  approximately 
1 I/ 2 -L 4") (a )  \ ee zif (a) .  ta 
. n!  dc  
F o r  odd n the integral in (11-4) vanishes by virtue of the integrand 
being an odd function of 5. F o r  even n we have the integral,  for a 
a positive integer, 
which i s  established by repeated differ entiations of 
with respec t  to  m.  The principal contribution to  (11-4), then, is f rom 
the lowest even derivative of cp that does not vanish a t  a. If this  i s  
the derivative of order  2a, we have by (11-5) 
u -  
1 J;; l e  i [f (a )  f r /4 ]  (2a)  cp ( a )  (11- 7) 
(12i)~al  I fll(a) 1 a+s 
where the f sign i s  taken according to  the sign of f"(a). 
If a coincides with one of the l imi ts  of integration in (11-l), the 
l imi ts  in (11-4) m u s t  be 0 to  m o r  -00 t o  0. In that c a s e  we use the 
formula for odd n 
The principal contribution to  (11-4) is now f rom the lowest derivative 
of cp that does not 'vanish a t  a. If this derivative is even the r e su l t  i s  
-
half of (11-7). If the lowest nonvanishing derivative is odd, the resu l t  
i s  
a+1 z a a !  e i f  (a)  ( 2 a t  1)  
,fll(a)~a-+-l (a). 
APPENDIX I11 
MAPPING OF A SOURCE DISTRIBUTION 
Under a conformal t ransformation a source  of finite s t rength 
located a t  a conformal point of the mapping goes into an equal source 
a t  the mapped point (Milne-Thompson, Ref. 12).  To s e e  how a con- 
tinuous source distribution along the r ea l  axis, of strength m(z;x), i s  
mapped, consider a sma l l  rectangular region near  the  z-axis  -- a 
two-dimensional "pillbox" of height d and length dz. 
D maps  into the closed region A in the a-plane, symmetr ic  about the 
c-axis.  The net efflux through 8D is d) = m(z;x)  6z t 8(6z2) .  
Since the stream-function J( has the s a m e  value a t  corresponding 
points in the two planes, the integral 6; d) must  be a l so  equal to  
$ A  
m(z;x)  dz + 0(6za) .  Now the height d can be made a rb i t r a r i ly  small, 
in which case  the boundary a A  converges toward the segment 65 while 
the integral dq is constant. This shows there  a r e  sources  along the 
c-axis,  s ay  with the strength y(c;x) where 5 = y(z;x), such that 
Now taking the l imit  a s  €12 -( 0, 
Here  the subscript  par t ia l  derivative notation i s  extended to der iva-  
t ives of the mapping functions with respec t  to  their  complex argu-  
ments ,  just  a s  in ( 6 -  12) i t  was used for a derivative with r e spec t  to  
x. By substitution of z = g(c;x) and use of the identity a =  yk(a ;x ) ;x ]  
and i t s  derivative with r e spec t  to o, 1 = ys [g(o;x);x]g,(o;x), (111- 1) is 
put in  the fo rm 
66 
A P P E N D I X  IV 
P L A N A R  WING: INTEGRATION OVER SOURCES. 
The following integrals  a r e  required: 
14 (5,  = S a3 log ( f - 52) df 
a S3(52-a2)2 
A useful t ransformation i s :  
f  = a s e c 0  , df = a s e c B t a n 0  d0 
We a lso  use c = qa 1 ~ 3 < 1 .  
Then I1 - I become: 
c0s3 8 log ( 1-qcos 8 )  lSqcos 8 
0 
4 (qa)  = cos2 8 log a2  ( s e c 2  8 - q2) d8 
0 
I5 (qa )  = log a 2 ( s e c 2  8 - q2) d8 
0 
I1 i s  tabulated in  Dwight (Ref. 13) No. 865.37: 
- 1 I , (qa)  = - n  s in  q . 
I2 is f i r s t  wri t ten 
then in the second integral  n = 8 i s  substituted for 8 : 
2k Now substituting q = ~2 ( k <  1 since q< 1) 
n 
I2 = -log (lip) 1 cos 8 dB -t frog (1-ik cos 8 i k2)cos 8 do. 
0 0 
The f i r s t  integral  vanishes,  and the second i s  tabulated in Dwight, 
No. 865.74 with m. = 1 : 
I3 i s  s imi lar ly  put in the f o r m  
= \ log (1-2kcos 9 c k2) cos3 9 dB 
1 and, using cos3 9 = 7 cos3 9 + $ cos 9 , 
Again Dwight, No. 865.74 with m. = 1, 3 : 
I 5  i s  broken up a s  
Using Dwight No. 865.34 (with p = - q Z )  and No. 865.11 : 
I4 is  split up s imi lar ly  : 
Using 865.25 on the second, 
7i- X 4 = log a - a ( l -2  log 2) f 0 1 0 ~ ( 1 - ~ ~ c o s ~ 0 ) d 8  . 
0 
The last  integral  i s  called 
Now using c o s 2 8  = i c o s  28 t. i , 
X 
&a = $  1 1 0 g ( l - ~ ~  cos2 O)d8+ f 28 log(l-qcos B)d0+ $ 
0 0 0 
log (1 4 q cos 8) d0 
The f i r s t  t e r m  i s  evaluated by Dwight No. 865.34: 
1 + d l -  2 2 log - * 
2k The second and third a r e  put i n  tabulated f o r m  by substituting q = 
2k respectively: q =  - lt.kz 
i J log(1-2k cos 8 + k2)cos 28 dB + i log(1-2k cos 8 t. k2)cos28 dB 
0 S 0
which a r e  in  the f o r m  of Dwight No. 865.74. 
S o  f inal ly,  co l l ec t ing  t e r m s ,  
A P P E N D I X  V 
PLANAR WING: SPANWISE INTEGRATION 
T w o  of the  i n t e g r a l s  a r e  tabulated:  Dwight (Ref.13) Nos. 520.. 
The r e m a i n i n g  t w o  a r e  
J L  =S- y2 d y  
(a ty) . -  1 t s i n  8 0 
w h e r e  the  l a t t e r  f o r m s  have  b e e n  obta ined  b y  subs t i tu t ing  y = a s i n  8 . 
J1 is mul t ip l i ed  ins ide ,  t o p  a n d  bottom, b y  1 - s i n  8 : 
With the  help  of Dwight Nos. 452.22, 452.32 
I:" 7T t a n  8 - 8 - cos  8 - s e c  8 = ( 2  -Z) a 
n' 7T 
s ince  tan(- - E )  - s e c  (- - E )  = c o t e  - C S C E  = O(E)  . 2 2 
J2 is t r e a t e d  s im i l a r l y ,  being mul t ip l ied  inside,  top  and  
bottom, by ( l - ~ i n e ) ~  : 
Then, using Dwight Nos. 452.14, 452.24, 452.34, 480.4: 
r - .nlz 
1 Since  cot3€ - -  1 
- ~ 3  - -  
1 
-k O(E ), c s c 3 €  = - 1 6 € 3  -I. o(E)# 
1 1 
cot  E. = 7 $ O(E) and cscE = - -k O(E), the quantity in 
E 
n' b racke t s  is O(E) a t  - - E ,  and the i n t eg ra l  is finite. 2 
APPENDIX VI 
BODY O F  REVOLUTION: INTEGRATION OVER SOURCES 
The  following i n t eg ra l s  a r e  required:  
- - 
1 
-- log 33, dg . 
I = jia ( ~ 2  -4a2)i  C +  G 
I1 i s  identical  with the I1 of Appendix , except for  2a 
replacing a . Consequently, 
I~ = - ?f s i n  - I  L Za 
I2 and I3 a r e  t r ans fo rmed  by 
We a l s o  use  q g/2a . 
Then the in tegra l s  become 
I2 i s  wr i t t en  in two par t s ,  and in  the second the substitution 
u = s in  0 i s  made: 
Using Dwight (Ref. 13) Nos. 858.541, 140.02 
I3 is expanded as follows: 
w h e r e  u = s i n  8 has  been u sed  i n  the las t .  The l a s t  two t e r m s  have 
infini t ies a t  the lower  l imi t  which  cance l  e a c h  other  off, as they  mus t ;  
s ince  the in tegrand  of I 3  is ce r t a i n ly  r egu l a r  even  a t  8 = 0. Hence, 
us ing Dwight Nos. 140.02, 152.1, and  432.20 : 
APPENDIX VII 
BODY O F  REVOLUTION: CIRCUMFERENTIAL INTEGRALS 
Al l  the  in tegra l s  a r e  s t ra igh t fo rward ,  excepting 
F i r s t  the s in2 8 is r ep l aced  by 1-cos2 8: 
1 S c o s ~  J = j ' ( 3  cos 8 - l l c o s 3 8  i 8 cos58)  log l - c o s e  
0 
- ~ ( ~ C O S  8 - l l ~ o s ~ B  i 8 cos5 8) log (1 i cos 8) dB 
0 
- $3 cos 8 - 11cos3 8 i 8cos5 0) log (1-cos 8) dB 
0 
Now in the second integral  8 i s  replaced by n - 8, and the integral  
a s sumes  the f o r m  
J = ( 3  cos 8 - 11cos3 8 t 8 cos5 8) log (1 + cos 8) d8 . 
0 
= f ( 3 c o s  8 - 11 cos3 8 i 8 cos5 8) log ( 2  + 2 cos 8) dB 
0 
- log 2 f ( 3  cos 8 - 11 cos3 0 + 8 cos5 0)  dB 
0 
The second in tegra l  is zero. By writing thepowers of cos 8 i n  t e r m s  
of the cosines of multiple angles: 
J = f ( - coa 8 - i cos 1 8  + i cos 5 8) log ( 2  i 2 cos 8) dB 
0 
the integral  i s  put in the f o r m  of ~ r F b n e r  and Hofreiter No. 338.13a 
( r e f .  20) with r = 1 : 
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